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The development of precisely controlled coordinate generation techniques is continued from
a first study to include the higher order smoothness which is necessary for three-dimensional
applications. In the first study, the controls came from the use of local piecewise linear inter-
polants in the general multisurface transformation. The consequent integration therein resulted
in coordinates with continuity up to first derivatives and with the capability to prescribe
uniformity either locally or globally for the family of transverse coordinate curves. The
admission of uniformity placed a constraint upon the general interpolants which was trivially
satisfied in the piecewise linear case. With smoother piecewise constructions, the constraint is
used herein along with a requirement for coordinate curves to have the most general possible
curvature properties. The result is a class of coordinate transformations with continuity
extended up to higher derivatives that retains the precise local controls displayed in the first
study and that can be used in three or more dimensions.

INTRODUCTION

The present study is a continuation in the development of precise controls for coor-
dinate generation. Precise controls were established in the first study [1] when local
piecewise linear interpolants y, were employed within the context of the general
multisurface transformation. With N surfaces, an interpolant is assigned to each point
r, of a partition r, <r, < --- <ry_, for the independent variable r that is transverse
to the surfaces. Each partition point corresponds to a space between the N surfaces
P,(t), P,(t),..., P,(t) that are ordered from bounding surface to bounding surface and
that are parameterized by a common surface coordinate vector t. For general inter-
polants ,, the multisurface transformation P(r, t) is given by

POO=P0+ ¥ 40 (b 0 PO (1)
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where

G = vl dx (1b)

ry

and each y,(r;) vanishes unless k = i. In the first study, an admissibility condition for
r-direction uniformity was established as a constraint on the general interpolants y,
which is given by

N—-1

wi(r) =1
i1 Vare)

2)

Inadmissible interpolants could not be used to prescribe a uniform distribution of the
constant r coordinate surfaces even on a local basis. Such prescriptions formed the
foundation from which mesh structures could be specified over regional volumes.
With the local piecewise linear interpolants that were examined there in detail, the
admissibility of uniformity was trivially satisfied. The interpolants were nonvanishing
on the smallest possible interval defined by the partition points r, and belonged to the
class C° of continuous functions. From the multisurface integration of Eq. (1b), the
coordinates belonged to the continuity class C' of continuous (vector) functions with
continuous first derivatives. The C' coordinates are, however, generally applicable
only for two-dimensional systems. In three dimensions, only special cases such as
rotationally symmetric systems can be considered.

When a numerical solution is contemplated for a boundary value problem with a
fully three-dimensional configuration or with a need for second derivatives of
geometric quantities, the local C° interpolates that were examined previously [1]
must be replaced by local C' interpolates. The local C' interpolates clearly lead to
C? coordinates due to the substitution into the integrands of the multisurface transfor-
mation. With a C? transformation, each coordinate curve is continuously differen-
tiable up to second order; hence, the coordinate curve curvature can be continuous
(cf. [2]). In addition, for points with nonvanishing curvature, the Frenet frame
attached to the curve can also be continuously defined; the implication is that a coor-
dinate curve can continuously bend out of a plane, as opposed to being constrained to
a plane or leaving a plane only with vanishing curvature. For the out-of-plane
bending to be differentiable, another derivative of the coordinate transformation
would be needed in order to define the torsion of the coordinate curves. On segments
with vanishing torsion, a curve is constrained to a plane; otherwise, it is bending out
of the plane. In view of the fact that coordinate curves in three dimensions generally
would not be constrained to planes (even locally), the minimum requirement for coor-
dinate generation in three dimensions would be that the bending process is
continuous; hence, the coordinate transformation must at least be of class C2. In the
present study, the transformations are developed for continuity levels of C? and
higher. The emphasis is placed on C?, which yields the simplest generally applicable
methods for three dimensions and which has controls that are more local than for the
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higher levels. At each level, the size of each region (between partition points of r) and
the shape of each interpolation function is chosen so that certain important properties
such as uniformity in r are admissible. In the C? case, the curvature of coordinate
curves in r is a property that is not to depend overly on the C' interpolants. The
assumption here is that flat spots are not to appear arbitrarily from the construction
process. Under the general constraint of simplicity, the C? coordinates are developed
in detail and the subsequent forms for higher continuity levels are taken as
continuations from the established pattern.

THE FORM OF THE C! INTERPOLATES

Although it is possible to arbitrarily construct interpolation functions which vanish
outside of local intervals determined by the partition points and which are continuous
up through first derivatives, the family of interpolation functions derived from such
an unconstrained construction will in general not lead to a system of multisurface
coordinates where uniformity in the distribution of constant r surfaces can be
specified or where unspecified flat spots (vanishing curvature) can be prevented along
coordinate curves in the r variable. To construct only those coordinate systems where
uniformity can be specified and where flat spots do not arbitrarily appear, the family
of interpolation functions must be suitably constrained. To furthet require that the
local intervals are as small as possible will result in a basic family of interpolates.
Since an interpolate for the multisurface transformation must vanish at all partition
points except one, the smallest possible interval would be determined by at least three
successive partition points. The reason is that the nonvanishing at a partition point
will extend by continuity to either side of the point. This extension by continuity is
meaningful only when the point is not one of the endpoints r, or r, _,. Since the
interpolates at endpoints are essentially truncated versions of an interior interpolate,
the discussion will focus only on interpolants at interior points.

Suppose now that the smallest possible interval associated with any interior
partition point r, is precisely the interval from r,_, to r,,,. A schematic illustration
of the interpolation function y, is then given in Fig. 1. Since y, vanishes outside of
the interval |[r,_,,r.,,] and is a continuous function with continuous first
derivatives, its function values and first derivatives must vanish at r,_, and r,, ;. The

T v T > r

T-1 Tk So+1

FiG. 1. A C! interpolation function over three partition points.
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only other interpolation functions which do not vanish on the interval [r,_,, r,, | are
interpolation functions w,_, and w,,, that are respectively centered about the
endpoints of the interval. By the same reasoning, both function values and first
derivatives of y,_, and v, , must vanish at r,. Consequently, the only possibility for
the entire interpolation to have a nonzero first derivative at r, is for y, to have a
nonzero first derivative at r,. In terms of the multisurface transformation, the
variable r coordinate curves have a nonzero second derivative at r, only if the first
derivative of y, is nonzero at r,. Since the curvature of the coordinate curves is
directly proportional to the normal component of the second derivative, only a
nonzero first derivative of y, at r, can prevent the appearance of a flat spot
(vanishing curvature) at r,. Now, to obtain a uniform distribution of the constant r
coordinate surfaces, the variable r coordinate curves must first be projected along a
sufficiently smooth vector field which can be used as a reasonable measure for the
desired uniformity. Uniformity is then achieved when the variable r is a linear
function of the arc length along the vector directions. For uniformity to be possible,
the condition upon the interpolation functions is given by Eq. (2). To specify local
uniformity in a neighborhood of r,, the condition must be satisfied there, and in
particular, the derivative of Eq. (2) must also be satisfied at r,. Since w,(r,) # 0,
however, the derivative w;(r,) must then vanish, which in turn contradicts the desire
not to have a flat spot arbitrarily appear at r,. Consequently, to admit the possibility
of uniformity and to avoid any unspecified flat spots, the size of the interval in the r
variable must be increased to extend beyond a sequence of three partition points. By
symmetry, the interval for r must be determined by at least five successive partition
points with shorter intervals only near the boundaries r, and r,_, due to an obvious
truncation for each of the two closest interpolation functions to each boundary. For
reference, the above discussion is summarized in the following theorem:

THEOREM 1. Let r, <r, < --- <ry_, be a partition for the multisurface transfor-
mation and let  be the class of all real valued functions which are defined on the
interval r, < r < ry_, and which satisfy the following properties:

(1) The functions and their first derivatives are continuous;
(2) Each function is nonzero on only one partition point;'

(3) Unspecified flat spots do not appear along the coordinate curves in
variable r;

(4) A uniform distribution of the constant r coordinate surfaces can be
specified either locally or globally; and,

(5) The intervals on which each function does not vanish are as small as
possible.

For any function fin €, let D(f) be the domain {r|f(r)+# 0} of nonvanishing values.

' This condition is the cardinality property required by the muitisurface transformation. It is needed:
otherwise, the normalization process in the multisurface transformation would be lost.



356 PETER R. EISEMAN

Then, among the intervals determined by partition points, the smallest interval
containing D(f) must be selected from:

[ris vl o rads [ros sk [rkeas Tisaboooss Irwess Pv—i s [rvmas ivca s Irvess rvcid
or a larger interval which strictly contains one of these listed intervals.

In three dimensions, the minimum interval size derived above is particularly
evident on purely geometric grounds. To see why, suppose that the smaller interval
lengths are used, and consider values of r between r, and r, , , for some fixed . Then
the vector field interpolation consists of only contributions from y, and v, ,; conse-
quently, the multisurface transformation reduces to a linear combination of the
vectors P, (P,,,—P;), and (P,,,—P,,,) which can be rewritten as a linear
combination of P, P, ,, and P, ,,. The implication here is that for r, <r<r s
the coordinate curve in the variable r lies in the plane determined by these three
points. For an adjoining interval, a similar arguement implies that there is a similar
three point dependence. For example, with k£ > 1 the curve depends only on P, _,, P,,
and P, , when r,_, <r<r,. Now if the vectors P,_,, P,, P, ,, and P, are not
coplanar, then the planar restrictions on either side of r, would imply that the unit
normal and binormal vectors are discontinuous at r,. Also at r,, the coordinate curve
passes through the intersection of the planes, and moreover, by direct calculation,
both first and second r-derivatives of the transformation are proportional to
P,.,—P, and are continuous. Since the second arc length derivative is proportional
to a linear combination of the first and second r-derivatives, and in addition, is equal
to the product of curvature with the unit normal vector, the curvature must vanish
because of the orthogonallity between tangent and normal vectors. Here, the discon-
tinuous unit normal vector at r, can be taken as the limiting value from either side of
r.. An illustration of the problem is given by the example in Fig. 2.

=g -+
Flr,e)

oY

k+2

FiG. 2. Example of a three-dimensional coordinate curve with local basis functions which vanish off
. intervals determined by only three successive partition points.
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In the figure, a coordinate curve in the variable r is given where, P, is the origin,
P._, is on the positive x axis, P, , is on the positive z axis, and P, ,, is in the y —z
plane along a line from P, , , which is parallel to the y axis. As r goes from r,_, to r,
the curve leaves the x axis, remains in the x — z plane, and approaches the z axis
where it has a tangent vector in the positive z direction. As r goes from r, to r, ,,
the curve leaves the z axis with the same tangent in the positive z direction, remains
entirely in the y — z plane, and approaches the line from P, , which is parallel to the
v axis. The unit normal vectors are contained in the x — z plane for r < r, and in the
y —z plane for r > r,. The result is a 90 degree rotation of the normal vector about
the tangent direction (z axis) at r,. A similar rotation is also observed for the unit
binormal vectors which are constants respectively parallel to the y and x axes. Since
the arc length derivative of the unit binormal vector vanishes on either side of r,, the
torsion of the curve, from its definition, also vanishes. At r,, the torsion is clearly
undefined. Analytically, three derivatives would be needed. With the exception of the
analytically observed vanishing of curvature at r,, the example illustrates the
constraints placed upon the interpolation functions when three-dimensional
applications are considered. For three-dimensional applications, Theorem 1 can then
be restated as follows:

THEOREM 2. If the requirement for uniformity in Theorem 1(4) is replaced by a
requirement for applicability to three dimensions, then the conclusion of Theorem 1 is
again true.

From the conclusion above, that the interpolation functions must nontrivially
extend over intervals which can be no smaller than a certain size, there is no
condition on the complexity of the functions. Without any assumptions, they can
have any arbitrarily large number of local extrema whether or not they are
constrained to the smallest permissible intervals. For simplicity, the candidate inter-
polation functions will now be assumed to have a minimal number of extrema, to be
constrained to the smallest intervals which may be permissible, and to have
maximum values at points of interpolation. In geometric terms, the latter condition
may be thought of as a requirement that each function be well centered about the
partition point associated with its interpolatory contribution. In Fig. 3, the form of
the candidate interpolation functions are illustrated for each partition point. The most
complete function is the interpolation function y, corresponding to the partition point
r, for 2 <k < N—2. From the illustration in Fig. 3c, this interior function y, is
easily seen to have three extrema: a maximum at r,, a minimum to the left of r, _,,
and a minimum to the right of r, . Since y, must vanish at partition points unequal
to r,, the minimum values must either be negative or zero. A minimum value of zero,
however, is not permitted. Otherwise, there would be more extrema than desired or
else the function would be nontrivial on too small of an interval. Since y, has
continuous first derivatives and vanishes outside of the interval [r,_,, r,, ,], there is
an inflection point between each minimum and its join with a part of the r axis. The
inflection occurs because the derivative of w, is a continuous function which
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FI1G. 3. Schematic form of the simplest C' interpolation functions for the partition r, <r, < -+ <
Ty _ye

monotonically approaches a single extremum value from zero values at the outer
endpoints of the two respective intervals. Consequently, on each interval, the y,
tangent line at the extremum cuts the locus of points determined by y, into segments
on opposite sides of the line; hence, by definition, there is an inflection point. By
similar reasoning, there is also a single inflection point between each minimum of y,
and r,. In total, the function y, has precisely four inflection points. The form of the
most complete interpolation function y, also carries over, in part, to the functions
associated with each boundary point and its closest partition point. With the closest
partition points, the interpolation functions are simply truncated versions of the
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complete function obtained by the removal of one of the endpoint intervals. In Figs.
3b and d, the functions y, and y, _,, associated with r, and r,_, are illustrations: the
truncation is obtained with the removal of [r,_,,7,_,) or (ry,» ", |- respectively.
In a similar manner, the endpoint interpolation functions y, and w,_, are also trun-
cated. Clearly, [r,_,,r,) or (ry,r.,,| must be removed. Since the maximum value
does not have to be a local maximum, however, the slope of y, at r, or y, _, at ry_,
need not be zero. An illustration of these respective functional forms appears in Figs.
3a and e.

With the simple functional forms given in Fig. 3, the question remains as to
whether or not these forms will yield coordinate transformations where uniformity in
the distribution of constant r surfaces can be specified and where unspecified flat
spots can be avoided. An application to three dimensions, however, is not a problem
since a coordinate curve in the variable r can bend out of a plane in a continuous
manner with a continuous (although not differentiable) Frenet frame. To obtain
functional forms which are computationally efficient, a piecewise polynomial
representation of minimal degree will be considered and will lead to an affirmative
answer to the remaining question above. Since piecewise linear functions cannot yield
the desired functional forms with continuous derivatives, piecewise quadratics must
be considered. To further simplify the representation, a minimal number of
polynomial segments will be assumed. With the quadratics, the minimum number will
be obtained with precisely two segments between every pair of partition points so that
the inflection points in the functional forms can be modeled. To ensure that inter-
polation functions corresponding to distinct interpolation points can be added without
an increase in the number of polynomial segments on any interval (r,, ., ,), a single
juncture point will be assumed for each interval, independent of any particular inter-
polation function. For each interval (r,, r,, ), the piecewise quadratics for each inter-
polation function will now have a single juncture at a point w, =r, + a,h,, where
hy=ry,,—r, and qa, is a fixed real number between 0 and 1. Without any
constraints, the general piecewise quadratic representations just described will not
yield the desired uniformity and nonflatness properties. However, since the piecewise
polynomials have juncture points which are aligned at partition points r, and at the
internal points w, =r, + a,h,, conditions for uniformity and nonflatness can be
applied at such points. The result will be the class of all piecewise quadratics with the
desired properties. Moreover, the existence of this class of functions will remove any
requirement for the interpolation functions to be nontrivially defined over larger
intervals. Consequently, the possibility of the larger intervals can be deleted from
Theorem 1.

PIECEWISE QUADRATIC INTERPOLATION FUNCTIONS

The piecewise quadratic representation described in the previous section will now
be explicitly derived. Although a direct derivation would be possible, an easier and
clearer method is to derive first the derivative functions and then obtain the inter-
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polation functions by integration. Since the piecewise quadratic functions have
continuous first derivatives, the derivative functions are clearly continuous piecewise
linear functions, and consequently, have the advantage of being completely specified
by their function values at junctures between their linear segments. In Fig. 4, the
piecewise linear derivative functions are illustrated in an order that corresponds with
the functional forms of Fig. 3. With the exception of the boundary functions y, and
wy_,, the derivative evaluations wi(r,) must vanish so that each interpolation

V) ¥,
A

1

F1G. 4. Derivatives of the piecewise quadratic interpolation functions defined from the interlaced
mesh r, <w, <r,<-+ <wy_,<ry_, and in correspondence with the functional forms illustrated in
Fig. 3. Partition points r, (- ) and intermediate juncture locations w, (A).
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function y, is centered about a local maximum at its corresponding partition point
ry, as illustrated in Figs. 3b—d and 4b—d. The maximum values for the boundary
functions, however, need not be local maximums in the sense of vanishing derivatives.
These nonvanishing derivatives are illustrated by the replacement of the dashed line
by the solid line in Figs. 4a and e. Since y, must vanish at partition points unequal to
r,, the derivative function y, must integrate to zero over the intervals [r,_,,r,_,]
and [r,,,,7.,,] whenever they are defined. The consequence is a relationship
between the nontrivial function values of y, at mesh points on these intervals. The
relationship is expressed in the following lemma:

LemMMmA 1. Let y, be the piecewise quadratic interpolation functions defined on
the interlaced mesh ri < w, <r, <+ <ry_; <Wy_, <ry_,, where w,=r,+ a.h,
with hy=r,,—r, and 0<a,<1 for k=1,2,.,N—2. Then the derivative
Sunctions vy, centered at r,, satisfy the left of center relationships

WiWe_2) = —(1 — ay_) Wilri_ 1) (3a)
for k=3,4,..N— 1, and the right of center relationships

Wi(Wiy 1) = = Wilres ), (3b)
fork=1,2..,N-3.

Proof. From an examination of the derivative functions y; which are illustrated
in Fig. 4, the functional forms to the right of center are observed to be reflections of
those on the left: the reflections are about the form centers and about the r axis. In
particular, the right of center relationship is just the reflected image of a left of center
relationship. Consequently, it is sufficient to consider only the left of center case
which is illustrated in Fig. 5. For simplicity, the notation a = —y,, , ,(r,, + a,,,,) > 0

(rm+amhm ,=a)

FIG. 5. A part of a derivative function on the left.

581/47/3-3
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and b=y, , ,(r,,,) > 0 is used. In terms of this notation and the point x where v, ,
crosses the r-axis, the areas of the right hand triangles in the figure are given by 4, =

'adr__.iAi a-g._._ﬂ, - pu queio Mé tﬂlh-\m

obtainea Irom the linear equation

W;n+2(x) = [(a + b)/(l - am) hm”x — amhm] —a=0. (4)

By substitution for x, the last two areas now become 4, =a*(1 —a,)h,/2(a + b)
and 4, = b*(1 ~ a,,) h,/2(a + b). Since v, ,,(r,,,,) =0, the area 4, + 4, below the
r-axis must be equal to the area 4, above it. Upon simplification, the equation
A, +A,=A, then reduces to a=(l—a,)b, which is the desired 'relationship
corresponding precisely to the first equation when expressions for a and b are
substituted and when m =k — 2.

In addition to the relationships given in the above lemma, yet one more
relationship must be established in order that y, vanish at all partition points except
r,. The final relationship from the partition point vanishing condition is given by the
following:

LEMMA 2. Let y, be the piecewise quadratic functions over the interlaced mesh of
Lemma 1 as illustrated in Fig. 3. Then the function maximum w,(r,) = max, y,(r) is
a positive quantity that is given by both

Wilr) = 1he o Wi ) + wiwi )] (5a)
and
wilre) = =1 (1 — @) wilre, ) + wiwl, (5b)
for 1 <k <N-—1 and by
wy(r) =—1h e, wi(r) + wviw) + (1 — a,) wi(ry)] (5¢)
and

Wy_1(ry—1) = %hN—Z[aN—ZWIIV-l(rN—Z) v Wy_) + (L —ay ) wy_(ry_1)],  (5d)
JSor the respective endpoints.

Proof. Suppose that 1 <k <N—1. Then since y,(r,_,)=w,(r.,,)=0, an
application of the fundamental theorem of calculus implies that the integral of y}
from r, _, to r,,, must vanish. Moreover, since y;(r) is positive for r,_, <r < r, and
negative for r, < r < r,,,, the maximum of y, is given by

vilri) = J Yi(x) dx = —JW Wil(x) dx. (6)

Tk—1 k
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From an observation of Figs. 4b—d, each integral is equal to the sum of a triangular
and a trapezoidal area. Upon substitution of each sum, Egs. (5a) and (5b) result.

Now consider the endpoint function y, associated with r,. Since y,(r,) vanishes,
an application of the fundamental theorem of calculus yields the integral represen-
tation

) =— vix)dx. (7)

ry

Eq. (5c) is then obtained from an evaluation of the integral as the sum of the two
trapezoidal areas which are evident upon examination of Fig.4a. By a similar
argument, Eq. (5d) is obtained for the endpoint function y,_, associated with r,_,
and with the derivative illustrated in Fig. 4e.

Under the constraints derived above, the class of piecewise quadratic functions
satisfy the required interpolation conditions but may fail to satisfy any specification
for either local or global uniformity in the distribution of coordinate surfaces with
constant r. Consequently, further constraints must be considered so that such
specifications of uniformity will be possible. These constraints, unlike the previous
ones, will result in relationships between distinct piecewise quadratic functions. In the
multisurface transformation, the uniformity is along each coordinate curve in the r
variable; it is measured by projections onto line segments, the arc length of which can
be used as a yardstick to indicate locations in the spanwise direction between
bounding surfaces. For uniform conditions to exist, |1, Theorem 1] must be satisfied.
In particular, the interpolation functions must satisfy Eq. (2), or equivalently, the
derivative of Eq. (2) which is given by

& W)
=1 W) =0 ®)

Since the multisurface transformation (Eq. (1)) remains unchanged when the inter-
polation functions are multiplied by real numbers, there is no loss of generality in
setting

vi(r) ==y r)=-=wy_(ry_1) ' %)

which can be obtained by a selection of suitable factors. When Eq. (9) is substituted
into Eq. (8), the uniformity condition reduces to the simple form

}: wilr) = 0. (10)

For the piecewise quadratic representation, the sum in Egq. (10) is a continuous
piecewise linear function with junctures between segments only at points of the
interlaced mesh, illustrated in Fig. 4. The vanishing condition now reduces to a
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requirement that the sum vanish at each point of the interlaced mesh. Due to the local
definition of the interpolation functions, the sum contains only three terms on the
endpoint intervals [r,,r;) and [ry_,,ry_;] and four terms on the interior intervais
[#4s xs1) for k=2,.., N —3. Upon evaluation at the partition points, the uniformity
condition becomes

wi(r) + wi(r) =0, (11a)
Wn_a(rv_ ) + ¥ (ryo ) =0, (11b)

for endpoints and
Wi i(r) + Wi (r) =0, (11c)

for k=2, 3,.., N — 2. There are only two terms in each of these equations, since the
possibly remaining terms each vanished, as can be observed from Fig.4c. By
contrast, the evaluation at the juncture points (w,,w,,.., wy_,) contains a
contribution from each possible term. The uniformity condition here is then given by

viwy) + wi(w)) + wi(w,) =0, (12a)
Wa—s(Wy_2) + Wa_a(Wy_2) +wy o (Wy_2) =0, (12b)

for endpoint intervals and
Vo i (W) + vidwi) + wi (W) + Wi (W) =0, (12¢)

for k=2,3,..,N—3. By use of Lemmas 1 and 2, the evaluations at the juncture
points can each be expressed in terms of partition point evaluations of the inter-
polation functions and their derivatives. When the resultant expressions are then
combined with the unformity condition for partition points (Eq. (11)), the sequence of
equalities of Eq. (9) can be retrieved as a check on consistency. The admissibility and
application of uniformity can now be summarized in the following form:

THEOREM 3. Either local or global uniformity in the distribution of constant r
coordinate surfaces can be specified with the piecewise quadratic interpolants which
satisfy the sequence of equalities in Eq. (9) and the derivative conditions in Egs. (11)
and (12). Uniformity is then specified by a direct application of Egs. (5b) and (9)
Srom |1, Theorem 1].

THE ExpLICIT CONSTRUCTION OF THE PIECEWISE
QUADRATIC INTERPOLATION FUNCTIONS

With the interpolatory and uniformity constraints just given, suitable piecewise
quadratic functions can now be explicitly constructed for the multisurface transfor-
mation. To simplify the algebraic expressions, some notation will be introduced. In
particular, let the sequence of equalities from Eq. (9) be denoted by
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A=y, (1), (13a)
for k=1,.,N—1;let by_, =wxy_,(ry_,); and let
b= Wi (ri)s (13b)
k= —Wi(wy), (13¢)
Ay = Vi (W), (13d)

for k=1,2,..,N—2, where as before the juncture point (w,) evaluations can be
taken from Lemma 2. From Fig. 4, it is clear that each of the notations is a positive
number. From Eq. (11) for the uniformity condition at partition points, it is also clear
that b, is associated only with the partition point r, for each k rather than any
specific interpolation function. As a consequence, b, should be proportional to the
curvature at r, on the coordinate curves in the r variable since it would then appear
as a linear multiplier in the second r derivative of the multisurface transformation
evaluated at r,. For further notational simplifications, let

Iy = W15 1), (14a)
and

I = (res wels (14b)

be the intervals on either side of r, for k = 2, 3,..., N — 2. To complete this notation,
let I} =[r,,w,] and Iy_, = (wy_,,ry_,]. Since the interpolation functions at and
near the boundaries differ slightly from the general form, the construction of the
general form shall precede the others throughout the development. With this ordering,
the analytic expression for the derivative of the general interpolation function,
illustrated in Fig. 4c, is obtained directly from the function values on the interlaced
mesh. In terms of the established notation, the result is given by

Wilr) = —[(1 =) bi_r/ay_ e, J(r — 1y _5), on I/ ,,
=b,4[1 = [Q2—a_)/(1 —ay_y) by (e — 1)), on Iy,
= [(dy — bi_)/ax_ 1l J(r —ri_ ) + b on I,
= (d/(1 —a) hy_)ry— 1), on I,
= —(ci/a i )r — ry)s on I, (13)
= [(brsr — /(I —a) i ](rie s — 1) = byy s on I,
= by [((1+ awq )/ p s i N — 1) — 1], on I,
= a1 b /(L= ) P Sy — 1), on Iy,

=0, otherwise.
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Suitably truncated versions of this function are also valid for k=2 and N—2 in
correspondence with Figs. 4b and d. For k=1 and N — 1, however, in correspon-

dence with Figs. 4a and e, a line segment has been changed. In the case of k = 1, the
new segment is given by

vi(r) = [(b, — c)fa, by )(r —r ) = by, (16)

on I{. On the remaining intervals, v} is given by the general form above. Similarly,
Wy-1 is given by

Wnoi(N) =@y, —by_ )/ (1 —ay_y) hy 5 )(ry_s —7) + by, (17)

on I, _, and assumes the general form elsewhere. With the notation of Eq. (13) and
the results’ of Lemma 2, the derivative evaluations at w, are given by

ci=(24/h)—a,b, — (1—a)b,, (18a)
dy_,= QA/hy_ ) —ay by ,—(1— ay_2) by_1s (18b)
and
= QA/M) — (1 —a) by, (18c)
d,=QA/hy_\)— o, by, (18d)

for k=2,3,.,.N—2.

To obtain the desired piecewise quadratic interpolation functions, each of the
continuous piecewise linear derivative functions must be integrated. For k between 3
and N — 3, the result is given by

vilr) = —[(1 — &, _3) by /200y By ) (r ~ 1), onl;_,,
= [Q—a_2)by_/2(1+ay_g) by o) (re_ s =) = by (r_ = 1), onl,_,,
= {(dx— b))/ 204_ By J(r =1 )P+ by (P =) onl_,,
=(—d/2(1 —a,_ ) b _)r,—r)¥ +4, onlg,
= (~c /20, )(r — 1) + 4, onl/, (19)
= [(ex = by 1)/2(1 — @) I J (s 1 = 1) + by 1 (risy — 7 only,,,
= {(1+ @) bay /2004ty JO =i 1)* = by i — 14 0), onlg,,,
=—lax 1Dy /200 — @y ) i )i — 1)%, onl.,,,

=0, otherwise,
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which is continuous up through first derivatives and is illustrated in Fig. 3c. For
k=2, N— 2, the interpolation functions are just suitably truncated versions of the
general function and are illustrated in Figs. 3b and d.

In the special case when k = 1, a direct integration yields

w, ()= [(b, — ¢,)/2a, i )(r — r)=b(r—r)+A4 (20)

on I;, where the constant of integration was obtained from the condition y,(r,) = 4.
On the remaining intervals, y, coincides with the general form with k=1 and is
easily seen to be continuous up through first derivatives at r, + a,k, upon
substitution for ¢, from Eq. (18a). Similarly, for k = N — 1, an integration yields

(840] 1N-1 WILICIL 1S JUIIICU W UIC Bencerdl IOrI wikil K =1y — 1 W0 U0l Wy _ | dd d
function with continuity up through first derivatives. The interpolation functions y,
and y,_, are illustrated in Figs. 3a and e, respectively.

To obtain the multisurface transformation (Eq. (1a)), the integrals G,(r) in
Eq. (1b) must be computed for k=1, 2,..., N — 1. The computations involve a direct
substitution and a subsequent integration which requires some algebra in the deter-
mination of appropriate constants of integration for each quadratic segment. In the
general case when 3 <k N — 3, the result is given by

Gr) =0, for r<r,_,,
=—[(1 —ay_y) by /6oy _s by o |(r — 1, 2), on I,
2—-a,_,) b, b, ‘
G 2)); ~ (=) T (e = ) Gl )
k—=2) My2
on I, |,
d,—b,_ b,
= 6(1kk hkk : (r_rk—l)J + k2 ! (r—rk_,)2+Gk(rk_1) on I:~l’
1k
= (@/6(1 —a_ ) b Y — 1)’ = A(ry— 1) + G(r)) on I, (22)
= —(el/6a,h)(r — 1) + A(r =) + G(r)) on I},
biyi—c¢ b .
=6(lk+_lak)’}(zk (res1—1) — k2+1 (Fes1 =12+ G (res ) on I,
(I+a)b b
z—#(r_rkﬂ)aﬂ "2+’(r“"k+1)2+Gk("k+1) on I},
#1040
= (s 104 1/6(1 = @i 1) Mie )i s = 1) + Gilrey2) on I,

=Gk(rk+2) for r2re,,,



368 PETER R. EISEMAN

where
G(ri_)=—%t(1—ay_y) be_hi_,y, (23a)
Gr)—Guri_)=34Q —a,_ ) by + 304 _ by hi_1, (23b)
Gilris) — Gur) =341 + a) by + (1 — ;) by, 1 g, (23c)
and
Gi(ris2) = Gilris 1) = = 8@ 1 iy 1 - (23d)

When k& =2, the general formulation above is modified by removing the first three
entries and setting G,(r,)=0. Similarly, for k=N — 2, the last three entries are
removed and the last increment (Eq. (23d)) for integration constants in Eq. (23) is
deleted. When k = 1, a direct integration of Eq. (20) yields

G,(r)= [(b, — ¢,)/6a,h,](r — r)=3b(r—r) +A(r—r), (24)

on I}, where the constant of 0 was chosen to satisfy G,(r,)=0. On the remaining
intervals, it coincides with the last four entires of the general form, except with
different constants of integration. From a direct integration,

G\(r) -G (r)=34(1 +a,) b, + (1 — ;) bzh% -3, blhﬁ’ (25a)
and from the general form
G\(r;) = G\(r;) = —3a, b, h3, (25b)

which together yield the necessary constants of integration. On the other side when
k=N —1, the integral coincides with the first four entries of the general form
including the constant of integration

Gy_i(ry_2)=—8(1 —an_3) by_ hy_;. ) (26)

By integration of Eq. (21), the last segment becomes

_ dN—l_bN—l 341 2
GN—l(r)_6(1_aN_z)hN_z(rN—l ry’ +3by_(ry_y—7)
—A(ry_ =)+ Gy_y(ry_1)s (27)

over I, _,. The constant of integration, determined by continuity, is given by
Gy_y(ryvoy) — Gy_y(ry_2) = JAQ—ay ) hy_, + %aN—sz—zhzzv—z
— 31 —ay_,) by_ hy_s, (28)

which completes the computation of the integrals of the interpolation functions. An
illustration of these results is given in Fig. 6, which has a format in correspondence
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FiG. 6. Integrals of the piecewise quadratic interpolation functions.

with the previous displays given in Figs. 3 and 4, respectively. The general form in
Fig. 6¢ is seen to leave O at r,_,, decrease to a local minimum at r,_,, increase to a
local maximum at r,,,, and decrease to a saturation value of G, (ry_,) at r,,,. In
the other parts, truncated versions of the general form are vertically lifted or dropped
so that each is smoothly connected to the r axis.

PARTITION POINT EVALUATIONS

In the case of C° interpolants, the partition point evaluations were especially
valuable since a simple geometric interpretation-was available, namely, that the coor-
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dinate curves in the r variable passed through or touched line segments determined by
the basic constructive surfaces in the multisurface transformation (Eq. (1)). When the
evaluations were combined with curvature properties, there was a corresponding
approximation property where convexity and monotonicity were preserved from the
data given by points on the constructive surfaces with a fixed ¢. Moreover, when the
simple geometric interpretation of the evaluations was used to interchange
constructive surface data with the evaluations, a comonotone and coconvex inter-
polation scheme was obtained. In a similar vein, the partition point evaluations will
be pursued for the case with C' interpolations and with a goal which is only to
obtain a simple geometric interpretation.

When the integrals (Eqs. (22)—(28)) of the local C' interpolants are inserted into
the multisurface transformation (Eq. (1)), the collapsed form

P(,t)=P,_,(t)+ W _G)

= m [Pk+ 1(t) - Pk(t)] (29)

is obtained for r, <r <r,,,. In parallel with the earlier C° case, the surface P,(t)
and the first m — 2 terms in the sum telescopically collapsed into P,,_,(t), while the
last (N — 1) — (m + 2) terms vanished for the given values of r. Since G,,, ,(r,) =0,

the evaluation of Eq. (29) at the partition point r =r,, contains only the first three
terms in the sum. Upon rearrangement, the result becomes

P(rmst)zwm+ ['Gi”_':(lT(rLf)_)— IJ [Pm-Pm—I]
Gm+l(rm)
R [Prsi— Pyl (302)

where

Wo =1 = (Gp(rn)/Gnlry - N Py + (Gor)/ G P - 1)) Pryrs  (30b)

and for simplicity of notation, the t dependence is not explicitly displayed. Since the
coefficients in the expression for W,, are bounded between 0 and 1 and sum to unity,
the point W, lies on the line segment between P, and P, ., for each fixed value of t.
From Egs. (22)~(28) or by direct observation of Fig. 6, G,, _(r,)/G,._(ry_,) is seen
to be slightly greater than unity and G, , (r,,)/G .. (ry..,) is seen to be a small
negative number. As a consequence, the partition point evaluation in Eq. (30a) is
geometrically computed by locating the point W, on the above line segment and
adding to it two small vector quantities respectively in the positive P,, — P, _, and
P,.,—P,,, directions. An illustration of this geometric interpretation is given in
Fig. 7. The principal difference from the earlier C° case lies in the addition of the two
small vector quantities.
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i”(rm,t)

FiG. 7. Geometric construction of a partition point evaluation.

LocaL C™ INTERPOLATION FUNCTIONS

Local interpolation functions for the multisurface transformation (Eq. (1)) have
been constructed as functions with C® and C' smoothness, respectively. In correspon-
dence with an increase in required smoothness, the size of the local region of
nontrivial values had to be increased for each interpolation function. In particular,
when smoothness was increased from C° to C', a local region determined by three
consecutive partition points had to be increased by the addition of a partition point
on each side. That is, three consecutive points determining an interval had to be
replaced by five. With further demands for smoothness, it is reasonable to expect the
above pattern to continue, with the extension of the local region by a partition point
on each side for every added level of differentiability. In Fig. 8, the sequence of
general interpolation functions are graphically displayed in correspondence with a
noted level of smoothness. Basic requirements for canonical interpolation (y,(r;) =
w,(ry) 6,;) and for simplicity are evident from the illustrations. By contrast,
uniformity requirements are more subtle and cannot be readily illustrated in the
graphs of function values. To see this, recall that in the C' case, uniformity in the
distribution of constant r surfaces was clear only by examination of second
derivatives. In continuation, the sequence of local interpolation functions can be
extended to infinity for C* smoothness. To see how the extension can be accom-
plished, consider the case where the variable r is uniformly partitioned by setting
r;=j/212 for all integers j and for a real number Q. With the uniform partition, the
functions

v (r)=sin n(202r — k)/n(202r — k) (31)

clearly satisfy a canonical property y,(r;) = d,; and can be considered as local inter-
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F1G. 8. Sequence of local interpolation functions in the order of increasing smoothness.

polations since the influence of each is locally concentrated at its center. The
graphical form of Eq. (31) is easily seen to be a direct continuation of the truncated
forms illustrated in Fig. 8, when a uniform partition is assumed. The interpolated
vector field, as an extension of the earlier case, is then given by

V(r, t) = k—Z«‘ Wk(r) vk(t)’ (32)

where each V,(t) is given by [1, Eq. (3)]. The statement in Eq. (32) is just a vector
field version of the sampling theorem which is valid only when the vector field
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components are band-limited functions, each with a bandwidth less than £. That is,
the bilateral Fourier transform must be bounded in absolute value by 2 for each
vector component. For more details on the sampling theorem for functions, an
excellent presentation is given by Hamming [3]. When Eq. (32) can be integrated
term by term, the multisurface transformation becomes

= G(n)
P(r,t)= S [Py (O — P, 33a
( ) k=z—oo Gk(OO) [ ’(+1( ) k( )] ( )
where
Gi(r)= J wi(x) dx. (33b)
-
With the interpolation functions of Eq. (31), it 1s clear that all G,(a0) are equal. In
addisian il g fionstn snvsenmle e £ 4. e n_{a) Lo L aee £
T T eT s e 7 TTTT SSsssSssswT Ssmmessw we TS TSAMIS TREESTY mAaseTmIwEN S K\TJ TR VW wasvwas s bt

dinate generation on either bounded or unbounded regions. Moreover, the infinite
case given in Eq. (33) is applicable to all interpolants studied herein, such as those
illustrated in Fig. 8 or of the type in Eq. (31).

CONCLUSION

Coordinate generation techniques with precise local controls have been derived and
analyzed for continuity requirements up to both first and second derivatives and have
been projected to higher level continuity requirements from the established pattern.
The desired precision of the local controls was obtained when a family of coordinate
surfaces could be uniformly distributed without a consequent creation of flat spots on
the coordinate curves transverse to the family. Relative to the uniform distribution,
the family could be redistributed from an a priori distribution function or from a
solution adaptive approach, both without distortion from the underlying transfor-
mation which may be independently chosen to fit a nontrivial geometry and topology.
To explicitly demonstrate the basic power that comes with the precise local controls,
examples have been given in Eiseman [1] for systems about airfoils and in Eiseman
[4] for a smooth transition from a Cartesian structure to a polar one. In addition,
further examples will also be presented when the associated automatic mesh
generation algorithm is presented. The algorithm was developed under NASA Lewis
Research Center Contract No. NAS3-22117 and was based upon the theory
developed herein.
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